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Abstract
A general master action in terms of superfields is given which generates
generalized Poisson sigma models by means of a natural ghost number pre-
scription. The simplest representation is the sigma model considered by Cat-
taneo and Felder. For Dirac brackets considerably more general models are
generated.
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Poisson sigma models [1, 2] are presently of general interest after the appearance
of Kontsevich’s [3] general formula for deformation quantization and its Poisson
sigma model formulation of Cattaneo and Felder [4, 5]. A unique geometrical de-
scription of sigma models was given in [6]. In this communication we present a new
interpretation of this model and at the same time generalize it considerably. Our
formulation starts from a master action in a manifestly supersymmetric form. Our
master action is
Σ[Φ,Φ∗] =
∫
d2ud2τ
(
Φ∗A(u, τ)DΦ
A(u, τ)(−1)εA − S(Φ(u, τ),Φ∗(u, τ)
)
, (1)
where ua, a = 1, 2 are bosonic coordinates on a disc and τa, a = 1, 2, corresponding
fermionic ones, i.e. ua are even and τa odd. The superfields ΦA(u, τ) and their
corresponding super-antifields Φ∗A(u, τ) have Grassmann parities εA and εA + 1 re-
spectively. The de Rham differential D is as in [4] given by
D ≡ τa
∂
∂ua
, ⇒ D2 = 0. (2)
In order for Σ to be a master action we need to prescribe some properties of S. If
we view Σ as an ordinary action then the equations of motion from (1) become
DΦA = (S,ΦA), DΦ∗A = (S,Φ
∗
A), (3)
where we have introduced a local antibracket defined by
(f, g) ≡ f
←
∂
∂ΦA
→
∂
∂Φ∗A
g − (f ↔ g)(−1)(ε(f)+1)(ε(g)+1). (4)
Equations (3) imply
0 = D2ΦA = (S, (S,ΦA)) = (
1
2
(S, S),ΦA),
0 = D2Φ∗A = (S, (S,Φ
∗
A)) = (
1
2
(S, S),Φ∗A), (5)
and
DS = (S, S), D2S = (S, (S, S)) ≡ 0. (6)
Consistency of (5) requires
(S, S) = 0, (7)
which when inserted into (6) implies that S satisfies the equation DS = 0. We
impose the condition (7) on the local master action S. In order to determine its
general form we have also to impose a ghost number prescription. We choose the odd
coordinates τa to have ghost number plus one. This implies thatD has ghost number
plus one. D could then be interpreted to be a kind of BRST charge operator in which
case the action (1) has a similar structure to the master action for the (closed) string
1
field theory by Zwiebach [7]. Since we require Σ to have ghost number zero and since
the measure d2τ has ghost number minus two we are led to the following general
rule for the superfields and S:
gh(ΦA) + gh(Φ∗A) = 1, gh(S) = 2. (8)
Such a ghost prescription was previously considered in [8] for a master action in
connection with the Dirac bracket.
Before we analyze the general form of S that follows from the ghost prescription
above, we will show that the action (1) under the condition (7) also satisfies a master
equation. Let us first define functional derivatives of the superfields by
δ
δΦB(u′, τ ′)
ΦA(u, τ) = δABδ
2(u− u′)δ2(τ − τ ′),
δ
δΦ∗B(u
′, τ ′)
Φ∗A(u, τ) = δ
B
Aδ
2(u− u′)δ2(τ − τ ′), (9)
where
δ2(τ − τ ′) ≡
1
2
εab(τ
b − τ ′b)(τa − τ ′a), (10)
where in turn we use the convention
εab = −εba, ε
ab = −εba, εabεbc = δ
a
c , ε
12 = −ε12 = 1. (11)
We choose the integration convention
∫
d2ττaτ b = εab (12)
in terms of which (10) is an appropriate delta function. In terms of the functional
derivatives (9) we may now define a functional antibracket by
(F,G)′ ≡
∫
F
←
δ
δΦA(u, τ)
d2ud2τ
→
δ
δΦ∗A(u, τ)
G− (F ↔ G)(−1)(ε(F )+1)(ε(G)+1),
(13)
as well as a related nilpotent ∆-operator
∆′ ≡
∫
d2ud2τ(−1)εA
δ
δΦA(u, τ)
δ
δΦ∗A(u, τ)
. (14)
From (1) and (13) we find then
1
2
(Σ,Σ)′ =
∫
d2ud2τ
(
(−1)εADΦ∗ADΦ
A −DS +
1
2
(S, S)
)
= 0, (15)
since the first term is zero by partial integration, the second term is zero directly
and the third is zero due to our condition (7). Furthermore, we have
∆′Σ = 0 (16)
2
since the τ -part yields a factor zero. (As usual we believe that the bosonic part
may be regularized appropriately.) Σ satisfies therefore also the quantum master
equation
1
2
(Σ,Σ)′ = ih¯∆′Σ, (17)
which means that the quantization requires no quantum corrections to the measure.
The superfields above may be decomposed into ordinary fields in such a fashion
that the antibracket (13) and the ∆-operator (14) have the conventional forms. We
may e.g. define the components as follows (notice that the component fields have
different ghost numbers):
ΦA(u, τ) = Φ0A(u) + τaεabΦ
bA(u) +
1
2
εabτ
bτaΦ3A(u),
Φ∗A(u, τ) = Φ
∗
3A(u) + Φ
∗
aA(u)τ
a +
1
2
εabτ
bτaΦ∗0A(u). (18)
The solutions to (9) are then
δ
δΦA(u, τ)
=
δ
δΦ3A(u)
+ (−1)εAτa
δ
δΦaA(u)
+
1
2
εabτ
bτa
δ
δΦ0A(u)
δ
δΦ∗A(u, τ)
=
δ
δΦ∗0A(u)
+ τaεab
δ
δΦ∗bA(u)
+
1
2
εabτ
bτa
δ
δΦ∗3A(u)
. (19)
These properties imply then that Φ∗nA(u) become antifields to Φ
nA(u), (n = 0, 1, 2, 3).
We have from (13) and (14)
(F,G)′ =
∫
F
←
δ
δΦnA(u)
d2u
→
δ
δΦ∗nA(u)
G− (F ↔ G)(−1)(ε(F )+1)(ε(G)+1),
∆′ ≡
∫
d2u(−1)εnA
δ
δΦnA(u)
δ
δΦ∗nA(u)
, εnA ≡ ε(Φ
nA). (20)
One may easily check that this expression for the antibracket together with (18)
implies
(ΦA(u, τ),Φ∗B(u
′, τ ′))′ = δABδ
2(u− u′)δ2(τ − τ ′), (21)
which trivially follows from (13).
Examples:
A generalized Poisson sigma model is obtained if we as superfields ΦA choose
X i(u, τ), (ε(X i) ≡ εi), and corresponding antifields X
∗
i (u, τ), (ε(X
∗
i ) = εi + 1) with
ghost numbers zero and plus one respectively. A local master action S with ghost
number plus two must then be quadratic in X∗i . A general ansatz is
S(X,X∗) =
1
2
X∗i X
∗
j ω
ji(X)(−1)εi. (22)
3
The master equation (7) or (15) yields then
ωij(X)
←
∂ lω
lk(X)(−1)εiεk + cycle(ijk) = 0. (23)
Since (22) requires ωji(X) to have the symmetry property
ωij(X) = −ωji(X)(−1)εiεj (24)
we may identify ωji(X) with the (super) Poisson bracket {Xj, X i}. (Eqs.(23) are
their Jacobi identities.) The master action Σ[X,X∗] is therefore the master action
for a Poisson sigma model and it agrees with the one given by Cattaneo and Felder
[4] for εi = 0 and with the identification ηi = X
∗
i . The original fields are the
component fields with ghost number zero.
In a theory with constraints
θα(X) = 0, (25)
we define the following local master action
S(X,Λ;X∗,Λ∗) =
1
2
X∗i X
∗
j ω
ji(X)(−1)εi + Λ∗αθ
α(X), (26)
where we have introduced new superfields Λα(u, τ) and Λ∗α(u, τ) with the Grassmann
parities εα + 1 and εα ≡ ε(θ
α). The ghost numbers for Λα and Λ∗α must be minus
one and plus two respectively according to the rule (8). The master equation for
(26) yields the Jacobi identities (23) and the degeneracy conditions
θα(X)
←
∂ jω
ji(X) = 0. (27)
This means that one may identify ωji(X) with the (super) Dirac bracket in a con-
straint theory [9]. The expression (26) for S means also that there is a larger,
reducible gauge invariance for Dirac brackets on the constraint surface as compared
to the case (22). With the same superfields we may define even more general ex-
pressions for S (cf eq.(4.27) in [8]):
S(X,Λ;X∗,Λ∗) =
1
2
X∗i X
∗
j ω
ji(X)(−1)εi + Λ∗αθ
α(X) +
+(−1)εj+εiεk
1
6
X∗i X
∗
jX
∗
kω
kji
α (X)Λ
α + (−1)εiX∗i Λ
∗
αω
αi
β (X)Λ
β + . . . , (28)
where ωkjiα is totally (super) antisymmetric in i, j, k with Grassmann parity εijk ≡
εiεj + εjεk + εkεi. Nonzero ω
αi
β (X) and ω
kji
α (X) imply that the master equation
yields a weak form of the degeneracy conditions (27) and the Jacobi identities (23):
θα(X)
←
∂ jω
ji(X) = ωαiβ (X)θ
β(X)(−1)εi,
ωij(X)
←
∂ lω
lk(X)(−1)εiεk + cycle(ijk) = ωijkα (X)θ
α(X). (29)
This means that ωji(X) here is a generalized (weak) Dirac bracket. A still more
general form of S is obtained if we introduce new superfields Ξα1 and Ξ∗α1 with ghost
4
numbers minus two and plus three respectively. We may then add to S the following
Ξ-dependent terms
Ξ∗α1Z
α1
α (X)Λ
α + (−1)εiX∗i Ξ
∗
α1ω
α1i
β1
(X)Ξβ1 + (−1)εα+1
1
2
Λ∗αΛ
∗
βω
βα
β1
(X)Ξβ1 +
+(−1)εi
1
2
X∗i Ξ
∗
α1
ωα1iβα (X)Λ
αΛβ(−1)εβ + . . . . (30)
The master equation yields then e.g.
Zα1α (X)θ
α(X) = 0, (31)
(−1)εαεjZα1α (X)
←
∂ iω
ij(X)− ωα1jβ1 (X)Z
β1
α (X) +
+Zα1β (X)ω
βj
α (X)(−1)
εj + ωα1jαβ (X)θ
β(X) = 0. (32)
The relation (31) means that the constraints are reducible (linearly dependent). The
last relation multiplied by θα from the right yields the first relation in (29) by means
of (31). Zα1α are assumed to be linearly independent (first stage reducibility) and the
Grassmann parities are ε(Ξα1) = εα1 , ε(Ξ
∗
α1
) = εα1 +1 for ε(Z
α1
α ) = εα+ εα1 . If Z
α1
α
are linearly dependent (higher stage reducibility) then we need new field-antifield
pairs to enter the master action.
Generalizations:
Our general superfield formulation may be further generalized. First one may
notice that all formal properties are valid for any even measure. We may therefore
consider master actions defined on a surface of any even dimension. However, since
the ghost number prescriptions depends on this dimension different kinds of models
will then be generated. (Our formulas do not apply to odd dimensions. Compare
the one dimensional superfield treatment in [10].)
We may choose arbitrary coordinates ua on the surface. For the measure
d2u
(
det hba(u)
)
−1
(33)
we have the D-operator
D = τaTa +
1
2
τ bτaU cab(u)
∂
∂τ c
, Ta ≡ h
b
a(u)
∂
∂ub
, (34)
which is nilpotent for
U cab(u) = −h
f
a(u)h
d
b(u)
∂
∂uf
(h−1)cd(u)− (a↔ b), (35)
since
D2 = 0 ⇔ [Ta, Tb] = U
c
ab(u)Tc. (36)
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One may also generalize the formalism along the lines of the generalized antisym-
plectic formulation in [11]. Let ZI(u, τ), (ε(ZI) ≡ εI), denote general antisymplectic
superfields. Our master action may then be written as
Σ[Z] =
∫
d2ud2τ
(
VI(Z(u, τ))DZ
I(u, τ)(−1)εI − S(Z(u, τ))
)
, (37)
where the antisymplectic potential VI has the Grassmann parity ε(VI) = εI+1. The
equations of motion are
EKI(Z)DZ
I(−1)εI − ∂KS = 0 ⇔ DZ
I = (S, ZI), (38)
where
EKI(Z) ≡ ∂KVI − ∂IVK(−1)
εKεI , (f, g) = f
←
∂ IE
IJ
→
∂ J g, E
IJEJK = δ
I
K .
(39)
As before consistency requires (S, S) = 0 and also that S is determined by the ghost
number prescription gh(S) = 2 and
gh(VI) = 1− gh(Z
I) ⇔ gh(EKI) = 1− gh(Z
K)− gh(ZI). (40)
A still more general form for Σ is
Σ[Z] =
∫
d2ud2τ
(
ZK(u, τ)E¯KI(Z(u, τ))DZ
I(u, τ)(−1)εI − S(Z(u, τ))
)
,(41)
where
E¯KI(Z) ≡ (Z
J∂J + 2)
−1EKI(Z) =
∫ 1
0
dααEKI(αZ). (42)
The corresponding expression for the symplectic case was given in [12].
The above master actions Σ[Z] satisfy the master equation
(Σ,Σ)′ =
∫
d2ud2τΣ
←
δ
δZI(u, τ)
EIK(Z(u, τ))
→
δ
δZK(u, τ)
Σ = 0, (43)
from which it follows that Σ is gauge invariant under nilpotent gauge generators.
We have ∫
R KI (u, τ ; u
′, τ ′)d2u′d2τ ′
δ
δZK(u′, τ ′)
Σ = 0,
∫
R KI (u, τ ; u
′, τ ′)d2u′d2τ ′R JK(u
′, τ ′; u′′, τ ′′)
∣∣∣∣
δΣ/δZ=0
= 0, (44)
where
R KI (u, τ ; u
′, τ ′) ≡
[
2


→
δ
δZI(u, τ)
Σ
←
δ
δZJ(u′, τ ′)

+
+Σ
→
δ
δZI(u, τ)
←
δ
δZJ(u′, τ ′)
]
EJK(Z(u′, τ ′)).
(45)
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